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Abstract
Consider a compact Lie group G and a closed Lie subgroup H < G. Let M be the set of
G-invariant Riemannian metrics on the homogeneous space M = G/H . By studying variational
properties of the scalar curvature functional on M, we obtain an existence theorem for solutions
to the prescribed Ricci curvature problem on M . To illustrate the applicability of this result, we
explore cases where M is a generalised Wallach space and a generalised flag manifold.
Keywords: Prescribed Ricci curvature, homogeneous space, generalised Wallach space, generalised
flag manifold
1 Introduction
The prescribed Ricci curvature problem is an important area of research in geometric analysis with close
ties to flows and relativity. The first detailed results in this area were obtained in the early 1980s by
D. DeTurck. We invite the reader to see [20, 21, 14] and references therein for some recent advances and
a historical overview.
The present paper discusses the prescribed Ricci curvature problem in the framework of homogeneous
spaces. More precisely, consider a compact connected Lie group G and a closed connected Lie subgroup
H < G. Denote by M the homogeneous space G/H . Suppose the dimension of M is at least 3 andM is
the set of G-invariant Riemannian metrics on M . Let S be the scalar curvature functional on M. The
prescribed Ricci curvature problem for G-invariant metrics on M consists in finding g ∈ M that satisfy
the equation
Ric g = cT, (1.1)
for some c > 0, where T is a given G-invariant (0, 2)-tensor field. The study of (1.1) in the framework
of homogeneous spaces was initiated in [22] and continued in [16]; see also [17, 15, 11]. It is on the basis
of [22] that the first results about the Ricci iteration in the non-Ka¨hler setting were obtained in [23].
These results provided a new approach to uniformisation on homogeneous spaces. Moreover, they led to
the discovery of several dynamical properties of the Ricci curvature.
Assume the (0, 2)-tensor field T lies in M. As [22, Lemma 2.1] demonstrates, a metric g ∈ M
satisfies (1.1) for some c ∈ R if and only if it is (up to scaling) a critical point of the functional S on
MT = {h ∈ M| trh T = 1}.
This parallels the well-known variational interpretation of the Eisntein equation. Indeed, a metric g ∈M
satisfies
Ric g = λg
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for some λ ∈ R if and only it is (up to scaling) a critical point of S on
M1 = {h ∈M|M has volume 1 with respect to h};
see, e.g., [24, §1]. However, the restrictions of S to MT and M1 have substantially different properties.
We will elaborate on this after we provide an overview of our main results.
According to [22, Theorem 1.1], if H is a maximal connected Lie subgroup of G, the functional S
attains its greatest value onMT at some g ∈MT . It is easy to show that this g satisfies (1.1) with c > 0.
In the present paper, we focus on the situation where the maximality assumption on H does not hold.
As [22, Proposition 3.1] shows, in this situation, S may fail to have a critical point onMT . The work [16]
provides a sufficient condition for S to attain its greatest value on MT . However, the usability of this
result is restricted by two main factors. First, the class of homogeneous spaces on which it applies, while
broad, is far from exhaustive. All the examples known to date have isotropy representations that split
into pairwise inequivalent irreducible summands. Second, the arguments in [16] impose rather strong
requirements on T .
In Section 3 of the present paper, we obtain a new sufficient condition for S to attain its greatest
value onMT . We state this result as Theorem 3.3. While it is similar in spirit to the sufficient condition
given in [16], it applies on a substantially larger class of homogeneous spaces. For instance, it can be
used to analyse (1.1) on Sp(n + 1)/Sp(n) for n ∈ N; see Remark 3.4. Topologically, this space is a
(4n+ 3)-dimensional sphere. Its isotropy representation splits into four irreducible summands, three of
which are equivalent to each other.
The requirements imposed on T by Theorem 3.3 are different from the ones imposed by the sufficient
condition of [16]. They appear to be substantially lighter in most situations. We illustrate this by
considering two examples; see Remarks 5.2 and 5.5 below.
Section 4 discusses the prescribed Ricci curvature problem on generalised Wallach spaces with in-
equivalent isotropy summands. A complete classification of such spaces is given in [13, 18]. They
possess a number of interesting properties, and their geometry has been studied by several authors;
see, e.g., [7, 1, 13, 8]. There are several infinite families and 10 isolated examples, excluding products,
constructed out of exceptional Lie groups. In Section 4, we show that Theorem 3.3 yields a sufficient
condition for the existence of g ∈M satisfying (1.1) for some c > 0 in the case where M is a generalised
Wallach space with inequivalent isotropy summands. This condition is exceedingly easy to verify.
Section 5 is devoted to the prescribed Ricci curvature problem on generalised flag manifolds with up
to five irreducible summands in the isotropy representation. Such manifolds form an important class of
homogeneous spaces with applications across a variety of fields. For detailed discussions of their geometric
properties, see [3, Chapter 7] and the survey [4]. According to the classifications given in [5, 2, 6], there
are numerous infinite families and isolated examples. In Section 5, we describe a method for verifying the
assumptions of Theorem 3.3 on generalised flag manifolds with up to five irreducible summands in the
isotropy representation. For clarity, we provide a detailed analysis of the cases where M equals G2/U(2)
(with U(2) corresponding to the long root of G2) and F4/SU(3)× SU(2)× U(1).
The results of the present paper have no analogues in the theory of homogeneous Einstein metrics.
Indeed, our main focus in on situations in which S attains its greatest value on MT . However, as
demonstrated by [24, Theorem (2.4)] and [10, Theorem 1.2], the restriction of S to the set M1 is
typically unbounded above.
2 Preliminaries
As in Section 1, consider a compact connected Lie group G with Lie algebra g and a closed connected
subgroup H < G with Lie algebra h ⊂ g. Let the homogeneous space M = G/H be of dimension at
least 3. Choose a scalar product Q on g induced by a bi-invariant Riemannian metric on G. In what
follows, ⊕ stands for the Q-orthogonal sum. Clearly,
g = m⊕ h
for some Ad(H)-invariant space m. The representation Ad(H)|m is equivalent to the isotropy represen-
tation of G/H . We standardly identify m with the tangent space THM .
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2.1 The structure constants
Choose a Q-orthogonal Ad(H)-invariant decomposition
m = m1 ⊕ · · · ⊕ms (2.1)
such that mi 6= {0} and Ad(H)|mi is irreducible for each i = 1, . . . , s. The space m may admit more than
one decomposition of this form. However, by Schur’s lemma, the summands m1, . . . ,ms are determined
uniquely up to order if Ad(H)|mi and Ad(H)|mj are inequivalent whenever i 6= j. Let di be the dimension
of mi. It is easy to show that the number s and the multiset {d1, . . . , ds} are independent of the chosen
decomposition (2.1).
Denote by B the Killing form of g. For every i = 1, . . . , s, because Ad(H)|mi is irreducible, there
exists bi ≥ 0 such that
B|mi = −biQ|mi . (2.2)
The numbers b1, . . . , bs will help us write down a convenient formula for the scalar curvature of a metric
on M .
Given Ad(H)-invariant subspaces u1, u2 and u3 of m, define a tensor ∆(u1, u2, u3) ∈ u1 ⊗ u∗2 ⊗ u∗3 by
setting
∆(u1, u2, u3)(X,Y ) = πu1 [X,Y ], X ∈ u2, Y ∈ u3,
where πu1 stands for the Q-orthogonal projection onto u1. Let 〈u1u2u3〉 be the squared norm of
∆(u1, u2, u3) with respect to the scalar product on u1 ⊗ u∗2 ⊗ u∗3 induced by Q|u1 , Q|u2 and Q|u3 . The
fact that Q comes from a bi-invariant metric on G implies
〈u1u2u3〉 = 〈uρ(1)uρ(2)uρ(3)〉 (2.3)
for any permutation ρ of the set {1, 2, 3}. Given i, j, k ∈ {1, . . . , s}, denote
〈mimjmk〉 = [ijk].
The numbers ([ijk])si,j,k=1 are called the structure constants of the homogeneous space M ; cf. [24, §1].
If Jul is a non-empty subset of {1, . . . , s} and ul equals
⊕
i∈Jul
mi for each l = 1, 2, 3, then
〈u1u2u3〉 =
∑
i∈Ju1
∑
j∈Ju2
∑
k∈Ju3
[ijk]. (2.4)
2.2 The scalar curvature functional and its extension
As in Section 1, let M be the space of all G-invariant Riemannian metrics on M . This space has a
natural smooth manifold structure; see, e.g., [19, pages 6318–6319] and [10, Subsection 4.1]. The scalar
curvature S(g) of a metric g ∈ M is constant on M . Therefore, we may interpret S(g) as the result
of applying a functional S : M → R to g. In what follows, we implicitly identify g ∈ M with the
Ad(H)-invariant scalar product induced by g on m via the identification of THM and m. To proceed,
we need some notation. Namely, suppose u and v are subspaces of m such that v ⊂ u. Let u⊖ v be the
Q-orthogonal complement of v in u. Consider bilinear forms X and Y on u and v, respectively. Denote
by X |v the restriction of X to v. If X |v is positive-definite, trX Y stands for the trace of Y with respect
to X |v.
The scalar curvature of g ∈M is given by the equality
S(g) = −1
2
trg B|m − 1
4
|∆(m,m,m)|2g, (2.5)
where | · |g is the norm induced by g on m⊗m∗ ⊗m∗. If the decomposition (2.1) is such that
g =
s∑
i=1
xiπ
∗
mi
Q (2.6)
for some x1, . . . , xs > 0, then
S(g) =
1
2
s∑
i=1
dibi
xi
− 1
4
s∑
i,j,k=1
[ijk]
xk
xixj
. (2.7)
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For the derivation of formulas (2.5) and (2.7), see, e.g., [9, Chapter 7] and [23, Lemma 3.2]. Given
g ∈ M, it is always possible to choose (2.1) in such a way that (2.6) holds. For the proof of this fact,
see [24, page 180].
Suppose k is a Lie subalgebra of g containing h as a proper subset. It will be convenient for us to
denote
n = k⊖ h, l = g⊖ k. (2.8)
Let M(k) be the space of Ad(H)-invariant scalar products on n. In what follows, we assume M(k) is
equipped with the topology inherited from the second tensor power of n∗. Our further arguments require
introducing an extension of the functional S to M(k). More precisely, define
Sˆ(h) = −1
2
trhB|n − 1
2
|∆(l, n, l)|2mix −
1
4
|∆(n, n, n)|2h, h ∈M(k), (2.9)
where | · |mix is the norm induced by Q|l and h on l ⊗ n∗ ⊗ l∗ and | · |h is the norm induced by h on
n ⊗ n∗ ⊗ n∗. If k coincides with g, we identify M(k) with M. In this case, the second term on the
right-hand side of (2.9) vanishes, and Sˆ(h) equals S(h). If the decomposition (2.1) is such that
k =
(⊕
i∈Jk
mi
)
⊕ h, h =
∑
i∈Jk
yiπ
∗
mi
Q, yi > 0, (2.10)
for some Jk ⊂ {1, . . . , s}, then
Sˆ(h) =
1
2
∑
i∈Jk
dibi
yi
− 1
2
∑
i∈Jk
∑
j,k∈Jc
k
[ijk]
yi
− 1
4
∑
i,j,k∈Jk
[ijk]
yk
yiyj
, (2.11)
where Jck is the complement of Jk in {1, . . . , s}; see [16, Lemma 2.19].
2.3 Restrictions to hypersurfaces
Throughout the rest of this paper, we fix T ∈ M. As in Section 1, define MT as the set of those
g ∈ M that satisfy the equality trg T = 1. Assume MT has the smooth structure inherited from M.
The following result is a special case of [22, Lemma 2.1]. It provides a variational interpretation of
the prescribed Ricci curvature equation (1.1) on homogeneous spaces. We will use it in the proof of
Theorem 3.3 below.
Proposition 2.1. The Ricci curvature of a metric g ∈ MT equals cT for some c ∈ R if and only if g is
a critical point of the restriction of the scalar curvature functional S to MT .
As in Subsection 2.2, consider a Lie subalgebra k of g such that h ⊂ k and h 6= k. Let n and l be given
by (2.8). Denote
MT (k) = {h ∈ M(k) | trh T |n = 1}.
We assume MT (k) is equipped with the topology it inherits from M(k). Our next result introduces a
important parameter associated with k.
Proposition 2.2. The quantity σ(k, T ) defined by the formula
σ(k, T ) = sup{Sˆ(h) |h ∈MT (k)}
satisfies
0 ≤ σ(k, T ) <∞.
Proof. The assertion follows immediately from the estimates on Sˆ obtained in [16, Lemmas 2.22 and 2.23].
While these estimates are stated in [16] after Hypothesis 2.3 of that paper is imposed, their proofs do
not require any assumptions other than those of Proposition 2.2.
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Remark 2.3. If k+ is a Lie subalgebra of g containing k, then
σ(k+, T ) ≥ σ(k, T ). (2.12)
Indeed, fix h ∈ MT (k) such that
Sˆ(h) ∈ (σ(k, T )− δ, σ(k, T )]
for some δ > 0. It is possible to construct a curve (h+(t))t>trQ T in the space MT (k+) satisfying the
formula
lim
t→∞
Sˆ(h+(t)) = Sˆ(h);
cf. [16, Proof of Lemma 2.30]. The existence of such a curve implies
σ(k+, T ) ≥ Sˆ(h) > σ(k, T )− δ
Inequality (2.12) follows by letting δ go to 0.
Next, we state a definition. It will help us formulate Theorem 3.3.
Definition 2.4. We call k a T -apical subalgebra of g if k meets the following requirements:
1. The inequality k 6= g holds.
2. There exists a scalar product h ∈ MT (k) such that
Sˆ(h) = σ(k, T ). (2.13)
3. If s is a maximal Lie subalgebra of g containing h, then
σ(s, T ) ≤ σ(k, T ).
We conclude this subsection with a result that provides a formula for σ(k, T ) when the representation
Ad(H)|n is irreducible. We will use this result in our study of generalised Wallach spaces and generalised
flag manifolds below.
Proposition 2.5. If Ad(H)|n is irreducible, then MT (k) consists of a single point. In this case,
σ(k, T ) = −2 trQB|n + 〈nnn〉+ 2〈nll〉
4 trQ T |n . (2.14)
Before presenting the proof, let us restate (2.14) in terms of the structure constants of M . This will
help us with our computations in Sections 4 and 5. If Ad(H)|n is irreducible, it is possible to choose the
decomposition (2.1) so that n = mi for some i = 1, . . . , s. In this case,
T |n = ziQ|mi , zi > 0.
We use (2.2) and (2.4) to find
trQ T |n = dizi, trQB|n = −dibi, 〈nnn〉 = [iii], 〈nll〉 =
∑
j,k∈{1,...,s}\{i}
[ijk].
Thus, we can restate (2.14) as
σ(k, T ) =
1
dizi
(
1
2
dibi − 1
4
[iii]− 1
2
∑
j,k∈{1,...,s}\{i}
[ijk]
)
. (2.15)
Proof of Proposition 2.5. Assume Ad(H)|n is irreducible. Then
M(k) = {yQ|n | y > 0}.
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The trace tryQ T |n equals 1y trQ T |n for all y > 0. Consequently,
MT (k) = {y0Q|n},
where y0 = trQ T |n. Using (2.9) and (2.3), we compute
σ(k, T ) = Sˆ(y0Q|n) = − 1
2y0
trQB|n − 1
2y0
〈lnl〉 − 1
4y0
〈nnn〉
= −2 trQB|n + 〈nnn〉+ 2〈nll〉
4 trQ T |n .
Remark 2.6. SupposeK is the connected Lie subgroup of G whose Lie algebra equals k. The irreducibility
assumption on the representation Ad(H)|n in Proposition 2.5 means that the homogeneous space K/H
is isotropy irreducible.
3 The general results
Our primary objective in this section is to state and prove an existence theorem for metrics satisfying (1.1)
on the homogeneous space M .
3.1 Metrics with prescribed Ricci curvature and T -apical subalgebras
Theorems 3.3 below requires the following hypothesis. The class of homogeneous spaces for which this
hypothesis holds is extensive. We discuss examples in Sections 4 and 5.
Hypothesis 3.1. Every maximal Lie subalgebra s of g such that h ⊂ s satisfies the following requirement:
if u ⊂ s⊖ h and v ⊂ g⊖ s are non-zero Ad(H)-invariant spaces, then the representations Ad(H)|u and
Ad(H)|v are inequivalent.
Remark 3.2. Hypothesis 3.1 holds if the isotropy representation of M splits into pairwise inequivalent
irreducible summands; see [16, Proof of Proposition 4.1]. However, it may be satisfied even if M does
not possess this property. We provide an example in Remark 3.4 below.
As above, consider a Lie subalgebra k of g such that h ⊂ k and h 6= k. Let n and l be given by (2.8).
We are now ready to state our theorem about the solvability of (1.1) on M . In Sections 4 and 5, we
will use it to obtain existence results for metrics with prescribed Ricci curvature on generalised Wallach
spaces and generalised flag manifolds.
Theorem 3.3. Let Hypothesis 3.1 hold. Suppose k is a T -apical subalgebra of g. If
4σ(k, T ) trQ T |l < −2 trQB|l − 〈lll〉, (3.1)
then there exists g ∈ MT such that S(g) ≥ S(g′) for all g′ ∈ MT . The Ricci curvature of g equals cT
for some c > 0.
Remark 3.4. Suppose G = Sp(k + 1) and H = Sp(k) for some k ∈ N. In this case, M is a sphere of
dimension 4k+3. The isotropy representation ofM splits into four irreducible summands, three of which
are equivalent to each other; see [25]. Hypothesis 3.1 holds, and Theorem 3.3 can be used to show that
S attains its global maximum onMT under certain conditions. The prescribed Ricci curvature problem
on homogeneous spheres will be studied carefully in the forthcoming paper [12].
Remark 3.5. According to [16, Lemma 2.15], the quantity on the right-hand side of (3.1) is necessarily
non-negative.
Remark 3.6. As explained in [16, Remark 2.2], the restriction of S to MT is always bounded above but
rarely bounded below.
Remark 3.7. The properness of the restriction of S to MT is discussed in [16, Remark 2.11].
6
We will prove Theorem 3.3 in Subsection 3.2. In the meantime, let us restate condition (3.1) in terms
of the structure constants of M . Suppose the decomposition (2.1) is such that the first formula in (2.10)
holds for some Jk ⊂ {1, . . . , s}. In this case,
l =
⊕
i∈Jc
k
mi, trQB|l = −
∑
i∈Jc
k
dibi. (3.2)
(Recall that Jck denotes the complement of Jk.) Exploiting (2.4), we find that condition (3.1) holds if
and only if
σ(k, T ) trQ T |l < 1
2
∑
i∈Jc
k
dibi − 1
4
∑
i,j,k∈Jc
k
[ijk]. (3.3)
The following strengthened version of Hypothesis 3.1 is closely related to [16, Hypothesis 2.3]. It will
help us obtain our next result.
Hypothesis 3.8. Every Lie subalgebra s of g such that h ⊂ s satisfies the following requirement: if
u ⊂ s ⊖ h and v ⊂ g ⊖ s are non-zero Ad(H)-invariant spaces, then the representations Ad(H)|u and
Ad(H)|v are inequivalent.
Remark 3.9. Hypothesis 3.8 is necessarily satisfied if the isotropy representation ofM splits into pairwise
inequivalent irreducible summands; see [16, Proof of Proposition 4.1].
Theorem 3.3 is moot if g does not have any T -apical subalgebras. Our next result shows that, under
Hypothesis 3.8, at least one such subalgebra must exist. We prove this result in Subsection 3.3.
Theorem 3.10. Let Hypothesis 3.8 hold. Suppose h is not maximal in g. Then g has at least one
T -apical subalgebra.
3.2 Proof of Theorem 3.3
Throughout this subsection, we assume Hypothesis 3.1 holds. Our arguments will rely on the consequence
of this hypothesis given by Lemma 3.11 below. It provides a description of some of the Lie subalgebras
of g in terms of the decomposition (2.1) chosen in Subsection 2.1. We emphasise that, as explained in
Remarks 3.2 and 3.4, the representations Ad(H)|mi and Ad(H)|mj may be equivalent for i 6= j.
Lemma 3.11. If s is a maximal Lie subalgebra of g such that h ⊂ s and h 6= s, then there exists a unique
set Js ⊂ {1, . . . , s} satisfying the formula
s =
(⊕
i∈Js
mi
)
⊕ h.
Proof. It suffices to repeat the reasoning from [16, Proof of Lemma 2.12] using Hypothesis 3.1 instead
of [16, Hypothesis 2.3].
In this subsection, we assume k is a T -apical subalgebra of g. By definition,
h ⊂ k, h 6= k, k 6= g. (3.4)
Let k1, . . . , kr be all the maximal Lie subalgebras of g containing h as a proper subset. Lemma 3.11
implies that there are only finitely many such subalgebras. The fact that at least one exists follows
from (3.4). Given τ > 0, define
C(τ, T ) = {g ∈ MT | g(X,X) ≤ τ for all X ∈ m such that Q(X,X) = 1}.
It is easy to verify that this set is compact in MT ; cf. [16, Lemma 2.24]. To prove Theorem 3.3, we will
need the following estimate for the scalar curvature functional S.
Lemma 3.12. Given ǫ > 0, there exists κ(ǫ) > 0 such that
S(g) ≤ ǫ+ max
m=1,...,r
σ(km, T ) (3.5)
for every g ∈MT \ C(κ(ǫ), T ).
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Proof. We repeat the arguments from [16, Proof of Lemma 2.28] using Lemma 3.11 above instead of [16,
Lemma 2.12]. As a result, we find
Sˆ(g) ≤ ǫ+ max
m=1,...,r
sup{Sˆ(h) |h ∈MT (km)}, g ∈MT \ C(κ(ǫ), T ),
for some κ(ǫ) > 0. With this estimate at hand, (3.5) follows from the definition of σ(km, T ) and the fact
that Sˆ coincides with S on MT .
Next, we will demonstrate that S attains its global maximum on MT at some g ∈ MT if con-
dition (3.1) holds. Lemma 2.1 will then imply equality (1.1) for this g with c ∈ R. Once (1.1) is
established, we will use Hypothesis 3.1 to show that c > 0.
Proof of Theorem 3.3. Since k is a T -apical subalgebra of g, there exists h ∈ MT (k) such that (2.13)
holds. Assume the decomposition (2.1) is chosen so that k and h satisfy (2.10) for some Jk ⊂ {1, . . . , s}.
This assumption does not lead to loss of generality; see [24, page 180]. As above, let l be given by (2.8).
For t > trQ T |l, define a scalar product h(t) ∈MT by the formulas
h(t) =
∑
j∈Jk
φ(t)yjπ
∗
mj
Q+
∑
j∈Jc
k
tπ∗mjQ, φ(t) =
t
t− trQ T |l .
Assuming (3.1) holds, we will show that
S(h(t0)) > max
m=1,...,r
σ(km, T ) (3.6)
for some t0. This inequality and Lemma 3.12 will imply the existence of g ∈MT such that S(g) ≥ S(g′)
for all g′ ∈ MT .
With the aid of (2.7), we find
S(h(t)) =
1
2
∑
j∈Jk
djbj
φ(t)yj
+
1
2
∑
j∈Jc
k
djbj
t
− 1
4
∑
j,k,l∈Jk
[jkl]
yl
φ(t)yjyk
− 1
4
∑
j,k,l∈Jc
k
[jkl]
t
− 1
2
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]
φ(t)yj
− 1
4
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]
φ(t)yj
t2
− 1
2
∑
j,k∈Jk
∑
l∈Jc
k
[jkl]
yk
tyj
− 1
4
∑
j,k∈Jk
∑
l∈Jc
k
[jkl]
t
φ2(t)yjyk
.
The two terms in the last line are 0. Indeed, [jkl] equals 0 if j, k ∈ Jk and l ∈ Jck because k is a subalgebra
of g; see [16, Lemma 2.14]. Exploiting (2.11), (3.2) and (2.4), we conclude
S(h(t)) =
1
φ(t)
(
1
2
∑
j∈Jk
djbj
yj
− 1
2
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]
yj
− 1
4
∑
j,k,l∈Jk
[jkl]
yl
yjyk
)
+
1
t
(
1
2
∑
j∈Jc
k
djbj − 1
4
∑
j,k,l∈Jc
k
[jkl]
)
− φ(t)
4t2
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]yj
=
Sˆ(h)
φ(t)
− 1
4t
(2 trQB|l + 〈lll〉) − φ(t)
4t2
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]yj. (3.7)
Since k is T -apical,
lim
t→∞
S(h(t)) = Sˆ(h) ≥ max
m=1,...,r
σ(km, T ). (3.8)
Our next step is to show that d
dt
S(h(t)) < 0 when (3.1) holds and t is large. This will imply the existence
of t0 satisfying (3.6).
It is clear that d
dt
S(h(t)) has the same sign as t2 d
dt
S(h(t)). Therefore, to prove that d
dt
S(h(t)) < 0
for large t, it suffices to show that
lim
t→∞
t2
d
dt
S(h(t)) < 0.
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Using (3.7), we obtain
t2
d
dt
S(h(t)) = Sˆ(h) trQ T |l + 1
2
trQB|l + 1
4
〈lll〉 + 2t− trQ T |l
4(t− trQ T |l)2
∑
j∈Jk
∑
k,l∈Jc
k
[jkl]yj.
If (3.1) holds, then
lim
t→∞
t2
d
dt
S(h(t)) = Sˆ(h) trQ T |l + 1
2
trQB|l + 1
4
〈lll〉
= σ(k, T ) trQ T |l + 2 trQB|l + 〈lll〉
4
< 0.
In this case, d
dt
S(h(t)) < 0 for large t, which implies the existence of t0 such that
S(h(t0)) > lim
t→∞
S(h(t)).
Formula (3.8) plainly shows that t0 satisfies (3.6). Using Lemma 3.12 with
ǫ =
S(h(t0))−maxm=1,...,r σ(km, T )
2
> 0,
we conclude that
S(g′) < S(h(t0)), g
′ ∈MT \ C(κ(ǫ), T ). (3.9)
Since the set C(κ(ǫ), T ) is compact, the functional S attains its global maximum on C(κ(ǫ), T ) at some
g ∈ C(κ(ǫ), T ). Inequality (3.9) implies that, in fact, S(g′) ≤ S(g) for all g′ ∈ MT . By Proposition 2.1,
g satisfies (1.1) for some c ∈ R. The proof will be complete if we show that c > 0.
According to Bochner’s theorem (see [9, Theorem 1.84]), there are no G-invariant Riemannian metrics
on M with negative-definite Ricci curvature. It follows that c ≥ 0. Let us show that no G-invariant
metric on M can be Ricci-flat. This will imply c 6= 0.
We proceed by contradiction. Assume M supports a Ricci-flat G-invariant metric. Using Bochner’s
theorem again, we can show that
[m, h] = {0};
cf. [16, Subsection 2.7]. Consequently, given i = 1, . . . , s, the representation Ad(H)|mi is trivial. By
irreducibility, the dimension of this representation is 1.
Let us prove that the maximal Lie subalgebra k1 of g fails to satisfy the requirement of Hypothesis 3.1.
This will give us the contradiction we are seeking. By Lemma 3.11, the space k1 ⊖ h equals
⊕
i∈Jk1
mi
for some Jk1 ⊂ {1, . . . , s}. If k and l lie in Jk1 and Jck1 , respectively, then
mk ⊂ k1 ⊖ h, ml ⊂ g⊖ k1.
As we showed above, the representations Ad(H)|mk and Ad(H)|ml are trivial and 1-dimensional. There-
fore, these representations are equivalent, which means k1 does not satisfy the requirement of Hypothe-
sis 3.1.
3.3 Proof of Theorem 3.10
In this subsection, we assume Hypothesis 3.8 holds and h is not maximal in g. The proof of Theorem 3.10
will rely on the following result.
Lemma 3.13. If s is a Lie subalgebra of g such that h ⊂ s and h 6= s, then there exist a Lie subalgebra
k ⊂ s and a scalar product h ∈ MT (k) satisfying the formulas
h ⊂ k, h 6= k, Sˆ(h) = σ(k, T ) ≥ σ(s, T ). (3.10)
Proof. Denote by p the dimension of s⊖ h. We proceed by induction in p. The space MT (s) consists of
a single point h0 if p = 1. Formulas (3.10) are evident in this case for k = s and h = h0.
Let the assertion of the lemma hold when p ≤ m. Our goal is to prove it supposing p = m+ 1. If Sˆ
has a global maximum on MT (s) at some h0 ∈MT (s), then formulas (3.10) are easy to check for k = s
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and h = h0. Therefore, we will focus on the case where the supremum of Sˆ over MT (s) is not attained.
In this case, k and s cannot coincide.
Suppose s1, . . . , sq are all the maximal Lie subalgebras of s containing h as a proper subset. By [16,
Corollary 2.13 and Remark 2.34], there are only finitely many such subalgebras. Under our assumptions,
at least one must exist. Otherwise, h would be maximal in s, and [16, Lemma 2.32 and Remark 2.34]
would imply that Sˆ has a global maximum on MT (s).
Choose an index i0 such that
σ(si0 , T ) = max
i=1,...,q
σ(si, T ).
Evidently, the dimension of si0 is less than or equal to m. By the induction hypothesis, there exist a
Lie subalgebra k ⊂ si0 and a scalar product h ∈MT (k) satisfying formulas (3.10) with s replaced by si0 .
The proof will be complete if we show that
σ(s, T ) ≤ σ(si0 , T ). (3.11)
Pick ǫ > 0. According to [16, Lemma 2.28 and Remark 2.34],
Sˆ(h′) ≤ ǫ + σ(si0 , T ) (3.12)
whenever h′ ∈ MT (s) lies outside some compact subset Cǫ of MT (s). We will demonstrate that, in
fact, (3.12) holds for all h′ ∈ MT (s). Estimate (3.11) will follow by taking the supremum on the
left-hand side of (3.12) and letting ǫ go to 0.
Since Cǫ is compact, there exists h′0 ∈ Cǫ such that
Sˆ(h′0) ≥ Sˆ(h′), h′ ∈ Cǫ.
Clearly, if
Sˆ(h′0) > ǫ+ σ(si0 , T ),
then Sˆ has a global maximum onMT (s) at h′0. However, we are assuming that the supremum of Sˆ over
MT (s) is not attained. Thus, (3.12) holds for all h′ ∈MT (s).
Remark 3.14. In view of Remark 2.3, we can replace the third formula in (3.10) by
Sˆ(h) = σ(k, T ) = σ(s, T ).
As above, denote by k1, . . . , kr the maximal Lie subalgebras of g containing h as a proper subset.
With Hypothesis 3.8 at hand, one can invoke Lemma 3.11 or [16, Corollary 2.13 and Remark 2.34] to
conclude that there are only finitely many such subalgebras. The fact that at least one exists follows
from the assumption that h is not maximal in g.
Proof of Theorem 3.10. Choose j0 such that
σ(kj0 , T ) = max
j=1,...,r
σ(kj , T ).
Applying Lemma 3.13 with s = kj0 , we obtain a Lie subalgebra k of kj0 and a scalar product h ∈ MT (k)
satisfying formulas (3.10) with s = kj0 . It is obvious that k 6= g and (2.13) holds. Furthermore,
σ(kj , T ) ≤ σ(kj0 , T ) ≤ σ(k, T ), j = 1, . . . , r.
Thus, k is T -apical.
4 Generalised Wallach spaces
Throughout Section 4, we assume M is a generalised Wallach space, as defined in [18]. Theorem 3.3 and
Proposition 2.5 yield an easy-to-verify sufficient condition for the solvability of (1.1) on such spaces. Our
goal is to state this condition, prove it and consider an example.
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Since M is a generalised Wallach space, the group G is semisimple. Consequently, the Killing form
B is non-degenerate. It will be convenient for us to set Q = −B. The definition of a generalised Wallach
space implies that s = 3 in the decomposition (2.1). Thus, the formula
m = m1 ⊕m2 ⊕m3 (4.1)
holds.
We assume the representations Ad(H)|m1 , Ad(H)|m2 and Ad(H)|m3 are pairwise inequivalent. The
summands m1,m2,m3 in the decomposition (4.1) are determined uniquely up to order. Appealing to the
definition of a generalised Wallach space again, we obtain the inclusion
[mi,mi] ⊂ h, i = 1, 2, 3. (4.2)
As a consequence, the structure constant [ijk] vanishes unless (i, j, k) is a permutation of {1, 2, 3}. We
assume [123] is positive. If [123] = 0, then all the metrics in M have the same Ricci curvature; cf. [23,
Lemma 3.2]. In this case, the analysis of (1.1) is easy.
Since Ad(H)|m1 , Ad(H)|m2 and Ad(H)|m3 are pairwise inequivalent, the formula
T = −z1π∗m1B − z2π∗m2B − z3π∗m3B
holds for some z1, z2, z3 > 0. Denote by d the dimension of M . Clearly, d = d1 + d2 + d3. We are now
ready to state the main result of this section.
Theorem 4.1. Suppose p ∈ {1, 2, 3} is such that
dp − 2[123]
2dpzp
= max
i=1,2,3
di − 2[123]
2dizi
. (4.3)
If
(dp − 2[123])
∑
i∈{1,2,3}\{p}
dizi < (d− dp)dpzp, (4.4)
then there exists a metric g ∈MT with Ricci curvature cT for some c > 0.
Remark 4.2. The numbers d1, d2, d3 and [123] for the generalised Wallach spaces satisfying the assump-
tions of this section are given in [18, Table 1]; see also [13, Tables 1 and 2].
To prove the theorem, we need the following result.
Lemma 4.3. The proper Lie subalgebras of g containing h as a proper subset are
k1 = m1 ⊕ h, k2 = m2 ⊕ h, k3 = m3 ⊕ h.
Proof. Formula (4.2) implies that
[ki, ki] ⊂ ki, i = 1, 2, 3.
Thus, ki is indeed a Lie subalgebra of g for i = 1, 2, 3.
As we noted above, the summands in (4.1) are determined uniquely up to order. Using this observa-
tion, one can show that every Ad(H)-invariant subspace of m appears as
⊕
i∈J mi, where J ⊂ {1, 2, 3}.
Let k be a Lie subalgebra of g such that h ⊂ k, h 6= k and k 6= g. We will prove that k = ki for some
i ∈ {1, 2, 3}. Clearly, k ⊖ h is a proper non-zero Ad(H)-invariant subspace of m. Therefore, k equals
mi ⊕ h for some i ∈ {1, 2, 3} or mj ⊕ mk ⊕ h for some distinct j, k ∈ {1, 2, 3}. Since [123] > 0, the space
mj ⊕mk ⊕ h cannot be a Lie subalgebra of g. This means k = ki for some i ∈ {1, 2, 3}.
Proof of Theorem 4.1. Because Ad(H)|m1 , Ad(H)|m2 and Ad(H)|m3 are pairwise inequivalent, Hypoth-
esis 3.1 holds for M ; see Remark 3.2. Let us show that
kp = mp ⊕ h
is a T -apical subalgebra of g. This will enable us to apply Theorem 3.3. The existence of g under
condition (4.4) will follow immediately.
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It is obvious that kp cannot equal g. Ergo, kp satisfies requirement 1 of Definition 2.4. By Proposi-
tion 2.5, the spaceMT (kp) consists of a single point. Denoting this point by h0, we see that equality (2.13)
holds with h = h0 and k = kp. Consequently, kp satisfies requirement 2 of Definition 2.4. By Lemma 4.3,
the maximal subalgebras of g containing h as a proper subset are k1, k2 and k3. Since Q = −B, the
numbers b1, b2 and b3 given by (2.2) all equal 1. Exploiting (2.15), (4.2) and (4.3), we obtain
σ(ki, T ) =
di − 2[123]
2dizi
≤ dp − 2[123]
2dpzp
= σ(kp, T ), i = 1, 2, 3.
This means kp satisfies requirement 3 of Definition 2.4.
By Theorem 3.3 and formula (3.3), a metric g ∈MT with Ricci curvature cT for some c > 0 exists if
σ(kp, T ) trQ T |g⊖kp <
1
2
∑
i∈{1,2,3}\{p}
di − 1
4
∑
i,j,k∈{1,2,3}\{p}
[ijk].
Using (2.15) and (4.2) again, we find
σ(kp, T ) trQ T |g⊖kp =
dp − 2[123]
2dpzp
∑
i∈{1,2,3}\{p}
dizi,
1
2
∑
i∈{1,2,3}\{p}
di − 1
4
∑
i,j,k∈{1,2,3}\{p}
[ijk] =
d− dp
2
.
The assertion of Theorem 4.1 follows immediately.
Example 4.4. SupposeM is the generalised Wallach space E6/Sp(3)×Sp(1). Let the decomposition (4.1)
be as in [18]. We have
d1 = 14, d2 = 28, d3 = 12, [123] = 7/2;
see Remark 4.2 above. A simple computation shows that
d1 − 2[123]
2d1z1
=
1
4z1
,
d2 − 2[123]
2d2z2
=
3
8z2
,
d3 − 2[123]
2d3z3
=
5
24z3
.
If
z1/z2 ≤ 2/3, z1/z3 ≤ 6/5, (4.5)
then (4.3) holds for p = 1. In this case, according to Theorem 4.1, a Riemannian metric with Ricci
curvature cT exists for some c > 0 provided that
7z2 + 3z3 < 20z1.
If
z1/z2 ≥ 2/3, z2/z3 ≤ 9/5, (4.6)
then (4.3) holds for p = 2. In this case, a metric with Ricci curvature cT exists for some c > 0 as long as
21z1 + 18z3 < 52z2.
Finally, if
z1/z3 ≥ 6/5, z2/z3 ≥ 9/5, (4.7)
then (4.3) is satisfied for p = 3. In this situation, a metric with Ricci curvature cT exists for some c > 0
as long as
5z1 + 10z2 < 36z3.
It is easy to see that (4.5), (4.6) or (4.7) necessarily holds for the triple (z1, z2, z3).
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5 Generalised flag manifolds
Suppose M is a generalised flag manifold, as defined in [2]. Let the number s in the decomposition (2.1)
be less than or equal to 5. The results of Sections 2 and 3 yield an easy-to-verify sufficient condition for
the solvability of (1.1) on M . This condition involves inequalities depending on s and on whether M is
of type I, II, A or B in the terminology of [2, 5, 6]. One could state it in the form of a theorem as we
did in Section 4; however, such a theorem would be exceedingly bulky. Instead, we will illustrate the
application of the results of Sections 2 and 3 by considering two examples of M . Only minor changes
are required to make our reasoning work for other M .
The definition of a generalised flag manifold implies that the group G is semisimple. Therefore, the
Killing form B is non-degenerate. It will be convenient for us set Q = −B throughout Section 5. This
means bi = 1 in (2.2) for all i = 1, . . . , s. Because M is a generalised flag manifold, the representations
Ad(H)|mi and Ad(H)|mj are inequivalent when i 6= j; see [3, page 101]. As a consequence, Hypotheses 3.1
and 3.8 are satisfied. To determine the dimensions di and the structure constants for specific choices
of M , refer to [9, Chapter 7] and [5, 2, 6].
We are now ready to illustrate the application of the results of Sections 2 and 3.
Example 5.1. Suppose M is the generalised flag manifold G2/U(2) in which U(2) corresponds to the
long root of G2. Let the decomposition (2.1) be as in [2]. Then
s = 3, d1 = d3 = 4, d2 = 2, [123] = 1/2, [112] = 2/3.
The structure constant [ijk] vanishes if there is no permutation ρ of the multiset {i, j, k} such that
[ρ(i)ρ(j)ρ(k)] appears above.
As shown in [16, Section 4] (cf. Lemma 4.3 above), the proper Lie subalgebras of g containing h
properly are
s1 = m2 ⊕ h, s2 = m3 ⊕ h.
Invoking Proposition 2.5 as in the proof of Theorem 4.1 leads to the conclusion that s1 and s2 meet
the first two requirements of Definition 2.4. Because Ad(H)|m1 , Ad(H)|m2 and Ad(H)|m3 are pairwise
inequivalent, the metric T can be expressed as
−z1π∗m1B − z2π∗m2B − z3π∗m3B (5.1)
with z1, z2, z3 > 0. Formula (2.15) implies that
σ(s1, T ) =
1
4z2
(2− [112]− 2[123]) = 1
12z2
, σ(s2, T ) =
1
4z3
(2− [123]) = 3
8z3
.
If z2/z3 ≤ 2/9, then s1 meets requirement 3 of Definition 2.4. In this case, s1 is a T -apical subalgebra
of g. According to Theorem 3.3 and formula (3.3), a Riemannian metric with Ricci curvature cT exists
for some c > 0 provided that
z1 + z3 < 12z2. (5.2)
If z2/z3 ≥ 2/9, then s2 meets requirement 3 of Definition 2.4. In this case, s2 is T -apical. By Theorem 3.3
and (3.3), a metric with Ricci curvature cT exists for some c > 0 as long as
6z1 + 3z2 < 10z3. (5.3)
Remark 5.2. Let M be the generalised flag manifold G2/U(2) as in Example 5.1. Assume the decom-
position (2.1) is as in [2]. If T is given by (5.1), the main result of [16] implies that a metric with Ricci
curvature cT exists for some c > 0 provided that
z2
z1 + z3
>
1
12
,
z3
2z1 + z2
>
3
10
; (5.4)
see [16, Example 4.3]. This condition is more restrictive than the one given by Theorem 3.3. Indeed, it
is obvious that both (5.2) and (5.3) follow from (5.4). On the other hand, suppose, for instance, that
z2 = 2z3/9. A metric with Ricci curvature cT exists for some c > 0 as long as z1 < 5z3/3, according to
the arguments in Example 5.1 above. However, inequalities (5.4) only hold if z1 < 14z3/9.
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Example 5.3. Suppose M is the generalised flag manifold F4/SU(3)× SU(2)×U(1). Let the decompo-
sition (2.1) be as in [5]. Then
s = 4, d1 = 12, d2 = 18, d3 = 4, d4 = 6,
[224] = 2, [112] = 2, [123] = 1, [134] = 2/3.
The structure constant [ijk] vanishes if there is no permutation ρ of the multiset {i, j, k} such that
[ρ(i)ρ(j)ρ(k)] appears above.
Arguing as in the proof of Lemma 4.3, we can show that the proper Lie subalgebras of g containing
h properly are
t1 = m3 ⊕ h, t2 = m4 ⊕ h, t3 = m2 ⊕m4 ⊕ h.
In order to apply Theorem 3.3, we need to determine which of these subalgebras are T -apical. Obviously,
they all satisfy requirement 1 of Definition 2.4. Moreover, t1 and t3 are maximal in g, while t2 is not.
Proposition 2.5 implies that t1 and t2 satisfy requirement 2 of Definition 2.4. The equality
T = −z1π∗m1B − z2π∗m2B − z3π∗m3B − z4π∗m4B (5.5)
holds for some z1, z2, z3, z4 > 0. Exploiting (2.15), we find
σ(t1, T ) =
1
4z3
(2− [123]− [134]) = 1
12z3
,
σ(t2, T ) =
1
12z4
(6− 2[413]− [422]) = 2
9z4
.
Our next step is to understand whether t3 meets requirement 2 of Definition 2.4 and to compute σ(t3, T ).
Given h ∈M(t3), the equality
h = −uπ∗m2B − vπ∗m4B
holds for some u, v > 0. By (2.11),
Sˆ(h) =
18
2u
+
6
2v
− [211]
2u
− [213]
u
− [413]
v
− [224]v
4u2
− [224]
2v
=
7
u
+
4
3v
− v
2u2
.
If h ∈MT (t3), then
trh T |t3⊖h =
18z2
u
+
6z4
v
= 1, u =
18vz2
v − 6z4 , v > 6z4. (5.6)
In this case, Sˆ(h) = ψz2,z4(v) with the function ψz2,z4 : (6z4,∞)→ R defined by
ψz2,z4(x) =
7(x− 6z4)
18xz2
+
4
3x
− (x− 6z4)
2
648xz22
.
Consequently,
σ(t3, T ) = sup{Sˆ(h) |h ∈MT (t3)} = sup{ψz2,z4(v) | v > 6z4}. (5.7)
A straightforward computation shows that
d
dv
ψz2,z4(v) =
1
3v2
( z24
6z22
+
7z4
z2
− 4
)
− 1
648z22
.
If z2/z4 ≥ 7/4, then ddvψz2,z4(v) < 0 for all v > 6z4. In this case, since the function ψz2,z4 does not
have a global maximum on (6z4,∞), the supremum of Sˆ overMT (t3) is not attained. As a consequence,
t3 fails to satisfy requirement 2 of Definition 2.4. Also,
σ(t3, T ) = lim
v→6z4
ψz2,z4(v) =
2
9z4
.
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If z2/z4 < 7/4, then ψz2,z4 attains its global maximum at the point
v0 = 6
√
z24 + 42z2z4 − 24z22 .
Define h0 ∈ M(t3) by the formula
h0 = − 18v0z2
v0 − 6z4π
∗
m2
B − v0π∗m4B.
Recalling (5.6) and (5.7), we conclude that h0 lies in MT (t3) and
Sˆ(h0) = ψz1,z2(v0) = σ(t3, T ).
Thus, t3 satisfies requirement 2 of Definition 2.4. Also,
σ(t3, T ) = ψz2,z4(v0) = ψ(z2, z4)
with the function ψ : {(x, y) ∈ (0,∞)2 |x < 7y/4} → R given by
ψ(x, y) =
7
18x
−
√
y2 + 42xy − 24x2 − y
54x2
.
We are now ready to apply the results of Section 3. If the inequalities
z2/z4 ≥ 7/4, z3/z4 ≤ 3/8, (5.8)
or the inequalities
z2/z4 < 7/4, 1/z3 ≥ 12ψ(z2, z4), (5.9)
hold, then σ(t1, T ) ≥ σ(t3, T ). In this case, t1 meets requirement 3 of Definition 2.4, which means t1 is
T -apical. According to Theorem 3.3 and formula (3.3), a Riemannian metric with Ricci curvature cT
exists for some c > 0 provided that
2z1 + 3z2 + z4 < 30z3. (5.10)
If
z2/z4 ≥ 7/4, z3/z4 ≥ 3/8, (5.11)
then
σ(t2, T ) = σ(t3, T ) ≥ σ(t1, T ).
In this case, t2 is T -apical. By Theorem 3.3 and formula (3.3), a metric with Ricci curvature cT exists
for some c > 0 provided that
12z1 + 18z2 + 4z3 < 63z4. (5.12)
Finally, if
z2/z4 < 7/4, 1/z3 ≤ 12ψ(z2, z4), (5.13)
then σ(t3, T ) ≥ σ(t1, T ). In this situation, t3 is T -apical. A metric with Ricci curvature cT exists for
some c > 0 as long as
(3z1 + z3)ψ(z2, z4) < 2. (5.14)
Remark 5.4. In Example 5.3, if z2/z4 ≥ 7/4, one may use Lemma 3.13 rather than a direct computation
to find σ(t3, T ). Indeed, the generalised flag manifold F4/SU(3)×SU(2)×U(1) satisfies Hypothesis 3.8.
According to Lemma 3.13, there exists a Lie subalgebra k of t3 such that formulas (3.10) hold with some
h ∈ MT (k) and s = t3. If z2/z4 ≥ 7/4, then the supremum of Sˆ over MT (t3) is not attained and k
cannot equal t3. In this case, k = t2 and σ(t2, T ) ≥ σ(t3, T ). On the other hand, Remark 2.3 implies
σ(t2, T ) ≤ σ(t3, T ). Thus,
σ(t2, T ) = σ(t3, T ) =
2
9z4
.
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Remark 5.5. Let M be the generalised flag manifold F4/SU(3) × SU(2) × U(1) as in Example 5.3.
Assume the decomposition (2.1) is as in [5]. If T is given by (5.5), the main result of [16] implies that a
metric with Ricci curvature cT exists for some c > 0 provided that
z4
z2
>
4
7
,
z3
2z1 + 3z2 + z4
>
1
30
,
min{z2, z4}
3z1 + z3
>
47
72
. (5.15)
This condition is more restrictive than the one given by Theorem 3.3. Indeed, suppose z2/z4 ≥ 7/4.
According to Theorem 3.3, a metric with Ricci curvature cT exists for some c > 0 as long as (5.8)
and (5.10) or (5.11) and (5.12) are satisfied, as explained in Example 5.3. However, inequalities (5.15)
fail to hold. Next, suppose z2/z4 < 7/4. By Theorem 3.3, a metric with Ricci curvature cT exists for
some c > 0 as long as (5.9) and (5.10) or (5.13) and (5.14) are satisfied, as shown in Example 5.3. One
can derive both (5.10) and (5.14) from (5.15). At the same time, (5.13) and (5.14) hold if, for instance,
z2 = z3 = z4, z1 ∈
[
25z2
141
,
(637 + 36
√
19)z2
465
)
.
However, such z1, z2, z3 and z4 do not satisfy (5.15).
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